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A model for the Q2-dependent dual amplitude with Mandelstam analytiity
(DAMA) is proposed. The modified DAMA (M-DAMA) preserves all the attra-
tive properties of DAMA, suh as its pole struture and Regge asymptotis, and
leads to a generalized dual amplitude A(s, t,Q2). This generalized amplitude an
be heked in the known kinematial limits, i.e. it should redue to the ordinary
dual amplitude on mass shell, and to the nulear struture funtion when t = 0. In
suh a way we omplete a unified "two-dimensionally dual" piture of strong inter-
ation [14℄. By omparing the struture funtion F2, resulting from M-DAMA, with
phenomenologial parameterizations, we fix the Q2-dependene in M-DAMA. In all
studied regions, i.e. in the large and low x limits as well as in the resonane region,
the results of M-DAMA are in qualitative agreement with the experiment.
1. INTRODUCTION
About thirty years ago Bloom and Gilman [5℄ observed that the prominent resonanes
in inelasti eletron-proton sattering (see Fig. 1) do not disappear with inreasing photon
virtuality Q2 with respet to the "bakground" but instead fall at roughly the same rate as
bakground. Furthermore, the smooth saling limit proved to be an aurate average over
resonane bumps seen at lower Q2 and s, this is so alled Bloom-Gilman or hadron-parton
duality.
For the inlusive e−p reation we introdue virtualityQ2, Q2 = −q2 = −(k−k′)2 ≥ 0, and
Bjorken variable x. These variables x, Q2 and Mandelstam variable s (of the γ∗p system),
s = (p+ q)2, obey the relation:
s = Q2(1− x)/x+m2 , (1)
*
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2where m is the proton mass.
Sine the disovery, the hadron-parton duality was studied in a number of papers [6℄ and
the new supporting data has ome from the reent experiments [7, 8℄. These studies were
aimed mainly to answer the questions: in whih way a limited number of resonanes an
reprodue the smooth saling behaviour? The main theoretial tools in these studies were
finite energy sum rules and perturbative QCD alulations, whenever appliable. Our aim
instead is the onstrution of an expliit dual model ombining diret hannel resonanes,
Regge behaviour typial for hadrons and saling behaviour typial for the partoni piture.
Some attempts in this diretion have already been done in Refs. [14℄, whih we will disuss
in more details below.
The possibility that a limited (small) number of resonanes an build up the smooth
Regge behaviour was demonstrated by means of finite energy sum rules [9℄. Later it was
onfused by the presene of an infinite number of narrow resonanes in the Veneziano model
[10℄, whih made its phenomenologial appliation diffiult, if not impossible. Similar to the
ase of the resonane-reggeon duality [9℄, the hadron-parton duality was established [5℄ by
means of the finite energy sum rules, but it was not realized expliitly like the Veneziano
model (or its further modifiations).
First attempts to ombine resonane (Regge) behaviour with Bjorken saling were made
[1113℄ at low energies (large x), with the emphasis on the right hoie of the Q2-dependene,
suh as to satisfy the required behaviour of form fators, vetor meson dominane (the
validity (or failure) of the (generalized) vetor meson dominane is still disputable) with the
requirement of Bjorken saling. Similar attempts in the high-energy (low x) region beame
popular reently stimulated by the HERA data. These are disussed in setion 6.
Reently in a series of papers [14℄ authors made attempts to build a generalized Q2-
dependent dual amplitude A(s, t, Q2). This amplitude, a funtion of three variables, should
have orret known limits, i.e. it should redue to the on shell hadroni sattering amplitude
on mass shell, and to the nulear struture funtion (SF) when t = 0. In suh a way we
ould omplete a unified "two-dimensionally dual" piture of strong interation [14℄ - see
Fig. 2.
In Ref. [1, 2℄ the authors tried to introdue Q2-dependene in Veneziano amplitude [10℄
or more advaned Dual Amplitude with Mandelstam Analytiity (DAMA) [14℄. The Q2-
dependene an be introdued either through a Q2-dependent Regge trajetory [1℄, leading to
3a problem of physial interpretation of suh an objet, or through the g parameter of DAMA
[1, 2℄. This last way seems to be more realisti [2℄, but it is also restrited due to the DAMA
model requirement g > 1 [14℄. The authors [14℄ relate the imaginary part of amplitude to the
total ross setion and then to the nuleon SF: F2(x,Q
2) ∼ σtot ∼ Im A(s(x,Q2), t = 0, Q2),
whih was ompared to the experimental data (we shall disuss this hain in more details
in setion 6). In this way the low x behaviour of F2 presribed a transendental equation
for g(Q2) (see [2℄ for more details), whih led to g(Q2 → ∞) → 0, forbidden by DAMA
definition. Therefore, suh an identifiation of g(Q2) is allowed only in the limited range of
Q2, as it was atually stressed by the authors.
Reently this problem was also studied in the framework of the field theory. In Ref. [15℄
the off shell ontinuation of the Veneziano formula was derived in the Moyal star formulation
of Witten's string field theory.
In the papers [3, 4℄ the authors went in an opposite diretion - they built a Regge-dual
model with Q2-dependent form fators, inspired by the pole series expansion of DAMA,
whih fits the SF data in the resonane region. The hope was to reonstrut later the Q2-
dependent dual amplitude, whih would lead to suh an expansion. It is important that
DAMA not only allows, but rather requires nonlinear omplex Regge trajetories [14℄. Then
the trajetory with restrited real part lead to a limited number of resonanes.
A onsistent treatment of the problem requires the aount for the spin dependene.
It was done in [4℄, and a substantial improvement of the fit, in omparison to the earlier
works [3℄ ignoring the spin dependene, was found. Nevertheless, the appliability range of
the above model [4℄ is limited to the resonane region, as it was atually disussed by the
authors. For the sake of simpliity we ignore spin dependene in this paper. Our goal is
rather to hek qualitatively the proposed new way of onstruting the "two-dimensionally
dual" amplitude.
42. MODIFIED DAMA MODEL
The DAMA integral is a generalization of the integral representation of the B-funtion
used in the Veneziano model [14℄
1
:
D(s, t) =
∫ 1
0
dz
(
z
g
)−αs(s′)−1(1− z
g
)−αt(t′′)−1
, (2)
where a′ = a(1 − z), a′′ = az, and g is a free parameter, g > 1, and αs(s) and αt(t) stand
for the Regge trajetories in the s− and t−hannels2.
In this paper we propose a modified definition of DAMA (M-DAMA) with Q2-dependene
[17℄. It also an be onsidered as a next step in generalization of the Veneziano model. M-
DAMA preserves the attrative features of DAMA, suh as pole deompositions in s and t,
Regge asymptotis et., yet it gains the Q2 dependent form fators, orret Q2 → ∞ limit
for t = 0 (F2(x,Q
2) at large x) et.
The proposed M-DAMA integral reads:
D(s, t, Q2) =
∫ 1
0
dz
(
z
g
)−αs(s′)−β(Q2′′)−1(1− z
g
)−αt(t′′)−β(Q2′)−1
, (3)
where β(Q2) is a smooth dimensionless funtion of Q2, whih will be speified later on from
studying different regimes of the above integral.
The on mass shell limit, Q2 = 0, leads to the shift of the s− and t−hannel trajetories
by a onstant fator β(0) (to be determined later), whih an be simply absorbed by the
trajetories and, thus, M-DAMA redues to DAMA. In the general ase of the virtual partile
with mass M we have to replae Q2 by (Q2 +M2) in the M-DAMA integral.
Now all the mahinery developed for the DAMA model (see for example [14℄) an be
applied to the above integral. Below we shall report briefly only some of its properties,
relevant for the further disussion.
3. SINGULARITIES IN M-DAMA
The dual amplitude D(s, t, Q2) is defined by the integral (3) in the domain Re (αs(s′) +
β(Q2
′′
)) < 0 and Re (αt(t′′)+β(Q2′)) < 0. For monotonially dereasing funtion Re β(Q2)
1
There are several integral representations of DAMA [14℄, here we shall use the most ommon one.
2
In Ref. [14℄ authors use the same trajetories in s− and t−hannels. This is easy to generalize - see for
example Ref. [16℄.
5(or non-monotoni funtion with maximum at Q2 = 0) and for inreasing or onstant real
parts of the trajetories the first of these equations, applied for 0 ≤ z ≤ 1, means
Re (αs(s) + β(0)) < 0 . (4)
Similarly, the seond one leads to
Re (αt(t) + β(0)) < 0 . (5)
To enable us to study the properties of M-DAMA in the domains Re (αs(s′) + β(Q2′′)) ≥ 0
and Re (αt(t′′)+β(Q2′)) ≥ 0, whih are of the main interest, we have to make an analytial
ontinuation of M-DAMA. It an be done in the same way as for DAMA [14℄ - basially we
need to transform the integration ontour in the omplex z plane in suh a way that z = 0
and z = 1 will not be any more the end points of integration ontour, instead the ontour
will run around these points on an arbitrary lose distane. The important thing here is that
suh a proedure will lead to an extra fator
{
exp[−2pii(αs(s′) + β(Q2′′))]− 1
}{
exp[−2pii(αt(t′′) + β(Q2′))]− 1
}
in the denominator of the M-DAMA integrand [14℄, whih generates two moving poles zn
and zm from zeros of the denominator
3
:
αs(s(1− zn)) + β(Q2zn) = n and
αt(tzm) + β(Q
2(1− zm)) = m, n,m = 0, 1, 2... (6)
The motion of the poles zn and zm with s, t and Q
2
depends on the partiular hoie of
the trajetories and the funtion β(Q2). The integrand (3) has also two fixed branh points
at z = 0 and z = 1. If the trajetories αs(s), αt(t) or funtion β(Q
2) have thresholds and
orrespondingly their own branh points, then these also generate the branh points of the
M-DAMA integrand. For example zs generated by the threshold sth in αs trajetory will
be given by s(1 − zs) = sth ⇒ zs = 1 − sth/s. Similarly the threshold Q2th in β(Q2) will
generate z1Q = 1−Q2th/Q2 and z2Q = Q2th/Q2 branh points. In this work we are not going to
disuss the threshold behaviour of M-DAMA, but we assume that the trajetory αs(s) has
3
Of ourse, the above denominator has zeros for n,m = −1,−2... also, but, as we said above, we need to
make analytial ontinuation only in the region whereRe (αs(s′)+β(Q2′′)) ≥ 0 andRe (αt(t′′)+β(Q2′)) ≥
0. This point is not learly desribed in [14℄ - there are no poles in DAMA, forRe α(s) < 0 (orRe α(t) < 0).
6a threshold and an imaginary part above it, and orrespondingly dual amplitude D(s, t, Q2)
also has an imaginary part above threshold.
The singularities of the dual amplitude are generated by pinhes whih our in the
ollisions of the above mentioned moving and fixed singularities of the integrand.
1. The ollision of a moving pole z = zn with the branh point z = 0 results in a pole at
s = sn, where sn is defined by
αs(sn) + β(0) = n . (7)
Please, notie the presene of an extra (in omparison to DAMA) term β(0). It an
be onsidered as a shift of the trajetory. If β(0) is an integer number, then the
modifiation is trivial.
2. The ollision of a moving pole z = zn with the branh point z = 1 results in a pole at
Q2 = Q2n, defined by
αs(0) + β(Q
2
n) = n . (8)
In this sense we an think about β(Q2) as of a kind of trajetory, but we do not mean
that it desribes real physial partiles. Also we will see later that with a proper
hoie of β(Q2) we an avoid these unphysial poles, and β(Q2) required by the low x
behaviour of the nuleon SF is exatly of this type.
3. Similarly, the ollision of a moving pole z = zm with the branh point z = 1 results in
a pole at t = tm, defined by
αt(tm) + β(0) = m. (9)
4. The ollision of a moving pole z = zm with the branh point z = 0 results in a pole at
Q2 = Q2m, defined by
αt(0) + β(Q
2
m) = m. (10)
Note that if αs(0) = αt(0) the poles in Q
2
will be degenerate.
Generally, sine poles in s, t and Q2 arise when pairs of different singularities ollide, the
amplitude is free of terms like ∼ 1
(s−sn)(t−tm)
or ∼ 1
(s−sn)(Q2−Q2m)
, whih would possess poles
simultaneously in two variables (similarly there are no terms possessing the poles simulta-
neously in all three variables). Although in some degenerate ases this ould happen - for
7example, if β(x) = αs(x) and αt(0) = αs(0), then we ould have terms like ∼ 1(s−sn)(Q2−Q2n)2 ,
oming from equations (7,8,10). For further disussion we shall onsider a non-degenerated
ase.
4. POLE DECOMPOSITIONS
Let us onsider the pinh resulting from the ollision of a pole at z = zn with the branh
point z = 0. The point zn is a solution of the first equation in system (6):
αs(s(1− zn)) + β(Q2zn) = n n = 0, 1, 2... (11)
For zn → 0 it beomes
αs(s)− sα′s(s)zn + β(0) + β ′(0)Q2zn = n (12)
and so
zn =
n− αs(s)− β(0)
β ′(0)Q2 − sα′s(s)
. (13)
We see that zn → 0, when s→ sn given by eq. (7). The residue at the pole zn (see [14℄ for
more details) is equal to:
2piiReszn =
1
β ′(0)Q2 − sα′s(s)
(
zn
g
)−n−1(
1− zn
g
)−αt(tzn)−β(Q2(1−zn))−1
=
gn+1[β ′(0)Q2 − sα′s(s)]n
[n− αs(s)− β(0)]n+1
(
1− zn
g
)−αt(tzn)−β(Q2(1−zn))−1
. (14)
It ontains a pole at s = sn of order n + 1. By expanding the non-pole ofator in (14) we
obtain: (
1− zn
g
)−αt(tzn)−β(Q2(1−zn))−1
=
n∑
l=0
Cl(t, Q
2)zln + Fn(t, Q
2, zn) , (15)
where
Cl(t, Q
2) =
1
l!
dl
dzl
[(
1− z
g
)−αt(tz)−β(Q2(1−z))−1]
z=0
, (16)
Fn(t, Q
2, z)
zn+1
→ const, z → 0 . (17)
Finally, inserting (15) into (14) we end up with the following expression for the pole term:
Dsn(s, t, Q
2) = gn+1
n∑
l=0
[β ′(0)Q2 − sα′s(s)]lCn−l(t, Q2)
[n− αs(s)− β(0)]l+1 . (18)
8Formula (18) shows that our D(s, t, Q2) does not ontain anestors and that an (n+1)-fold
pole emerge on the n-th level. The rossing-symmetri term an be obtained in a similar
way by onsidering the ase 3 from the list above.
The modifiations with respet to DAMA are A) the shift of the trajetory αs(s) by the
onstant fator of β(0) (we an easily remove this shift inluding β(0) into trajetory); B) the
oeffiients Cl are now Q
2
-dependent and an be diretly assoiated with the form fators.
The presene of the multipoles, eq. (18), does not ontradit the theoretial postulates. On
the other hand, they an be removed without any harm to the dual model by means the
so-alled Van der Corput neutralizer
4
. This proedure [14℄ seems to work for M-DAMA
equally well as for DAMA and will result in a "Veneziano-like" pole struture:
Dsn(s, t, Q
2) = gn+1
Cn(t, Q
2)
n− αs(s)− β(0) . (19)
The Q2-pole terms an be obtained by onsidering ases 2 and 4 from setion 3, but, as
we shall see later in setion 7, with our hoie of β(Q2) we avoid Q2 poles.
5. ASYMPTOTIC PROPERTIES OF M-DAMA
Let us now disuss the asymptoti properties of M-DAMA. For this purpose we rewrite
the M-DAMA expression (3) in the following way:
D(s, t, Q2) =
∫ 1
0
dze−W (z;s,t,Q
2) , (20)
where
W (z; s, t, Q2) = ln
(
z
g
)
(αs(s
′) + β(Q2
′′
) + 1) + ln
(
1− z
g
)
(αt(t
′′) + β(Q2
′
) + 1) . (21)
Below a simplified notation W (z) will be used instead of W (z; s, t, Q2).
The alulations in this setion will be done through the saddle point method and we will
are only about the leading order term, although the method allows to derive subleading
4
In brief, the proedure [14℄ is to multiply the integrand of (3) by a funtion φ(z), whih has the following
properties:
φ(0) = 0, φ(1) = 1, φn(1) = 0, n = 1, 2, 3, ...
The funtion φ(z) = 1− exp
(
− z
1−z
)
, for example, satisfies the above onditions.
9terms to any order. If z0 is the saddle point, then the leading term is given by:
D(s, t, Q2) =
√
2pi
W ′′(z0)
e−W (z0) . (22)
Let us prove the Regge asymptoti behaviour of M-DAMA (s → ∞, t, Q2 = const).
First we onsider the behaviour of D(s, t, Q2) for s → −∞ and fixed Q2 and t, suh that
Re (αt(t) + β(0))+ 1 < 0. In this ase analytial ontinuation is not needed. The first term
of the integrand (3) is a dereasing funtion of s for any 0 ≤ z < 1; it vanishes for z = 0.
The seond term vanishes at the opposite end of the integration region. As it is easy to see,
the integrand has a maximum somewhere in the middle, i.e. a saddle point, whih an be
found from the equation:
W ′(z) = ln
(
z
g
)
(−sα′s(s(1− z)) +Q2β ′(Q2z)) +
1
z
(αs(s(1− z)) + β(Q2z) + 1)
+ ln
(
1− z
g
)
(tα′t(tz)−Q2β ′(Q2(1− z)))−
1
1− z (αt(tz) + β(Q
2(1− z)) + 1) = 0 . (23)
Sine t and Q2 are onstants, the saddle point approahes z = 1 as s → −∞. For large |s|
and near z = 1 there are only two important terms in eq. (23), the rest an be negleted:
−sα′s(s(1− z)) ln
(
z
g
)
− 1
1− z (αt(tz) + β(Q
2(1− z)) + 1) = 0⇒
1− z0 = a
s
+O
(
1
s2
)
, (24)
where
a =
αt(t) + β(0) + 1
α′s(0) ln g
. (25)
Sine, we are interested now only in the leading term, we an neglet all the orretions and
write:
W ′′(z0) ≈ −s2α′′s(0) ln g −
(
sα′s(0) ln g
αt(t) + β(0) + 1
)2
(αt(t) + β(0) + 1) =
= s2
(
−α′′s (0) ln g −
α′s(0) ln g
a
)
. (26)
And finally,
D|s→−∞ ≈ −sαt(t)+β(0)gαt(t)+αs(a)+β(Q2)+β(0)+2a−αt(t)−β(0)−1
√
2pi
−α′′s (0) ln g − α
′
s(0) ln g
a
. (27)
10
Thus,
D(s, t, Q2) ∼ sαt(t)+β(0)gβ(Q2) , s→ −∞ . (28)
Now, what happens if we enter into the physial region of the s-hannel? In this ase
we have to use the analytial ontinuation of M-DAMA. Using exatly the same method as
in [14℄ it is possible to show that if the trajetory satisfies some restrition on its inrease,
then the Regge asymptoti behaviour (28) holds for s→∞. Of ourse, D(s, t, Q2) beomes
a omplex funtion, due to omplex trajetory αs(s), and eq. (28) gives the asymptotis for
both real and imaginary parts.
Thus, in the Regge limit M-DAMA has the same asymptoti behaviour as DAMA (exept
for the shift β(0)). It is more interesting to study the new regime, whih does not exist in
DAMA - the limit Q2 →∞, with onstant s, t. We assume that β(Q2)→ −∞ for Q2 →∞.
From eq. (23) we an easily find that in this limit z0 = 1/2. Then,
W ′′(z0) = 2Q
4β ′′(Q2/2) + 8(Q2β ′(Q2/2)− β(Q2/2))
+4(sα′s(s/2)− αs(s/2)− tα′t(t/2)− αt(t/2)) (29)
− ln 2g(s2α′′s(s/2)− t2α′′t (t/2))− 8
and
D(s, t, Q2)|Q2→∞ ≈ (2g)2β(Q2/2)+αs(s/2)+αt(t/2)+2
√
2pi
W ′′(z0)
. (30)
For deep inelasti sattering (DIS), as we shall see below, if s and t are fixed and Q2 →∞
then u = −2Q2 → −∞, as it follows from the kinemati relation s+ t+ u = 2m2− 2Q2. So,
we need also to study the D(u, t, Q2) term in this limit. If |αu(−2Q2)| is growing slower than
|β(Q2)| or terminates when Q2 →∞, then the previous result (eq. (30), s to be hanged to
u = −2Q2) is still valid. We shall ome bak to these results in the next setion to hek
the proposed form of β(Q2).
6. NUCLEON STRUCTURE FUNCTION
The kinematis of inlusive eletron-nuleon sattering, appliable to both high energies,
typial of HERA, and low energies as at JLab, is shown in Fig. 1. And Fig. 3 shows how
DIS is related to the forward elasti (t=0) γ∗p sattering, and then the latter is deomposed
into a sum of the s−hannel resonane exhanges.
11
The total ross setion is related to the SF by
F2(x,Q
2) =
Q2(1− x)
4piα(1 + 4m2x2/Q2)
σγ
∗p
t , (31)
where α is the fine struture onstant. In eq. (31) we negleted R(x,Q2) =
σL(x,Q
2)/σT (x,Q
2), whih is a reasonable approximation.
The total ross setion is related to the imaginary part of the sattering amplitude
σγ
∗p
t (x,Q
2) =
8pi
PCM
√
s
Im A(s(x,Q2), t = 0, Q2) . (32)
where PCM is the enter of mass momentum of the reation,
PCM =
s−m2
2(1− x)
√
1 + 4m2x2/Q2
s
(33)
for DIS. Thus, we have
F2(x,Q
2) =
4Q2(1− x)2
α (s−m2) (1 + 4m2x2/Q2)3/2 Im A(s(x,Q
2), t = 0, Q2) . (34)
The minimal model for the sattering amplitude is a sum [19℄
A(s, 0, Q2) = c(s− u)(D(s, 0, Q2)−D(u, 0, Q2)), (35)
providing the orret signature at high-energy limit, where c is a normalization oeffiient
(u is not an independent variable, sine s + u = 2m2 − 2Q2 or u = −Q2(1 + x)/x + m2).
As it was said at the beginning, we disregard the symmetry properties of the problem (spin
and isospin), onentrating on its dynamis.
In the low x limit: x → 0, t = 0, Q2 = const, s = Q2/x → ∞, u = −s, we obtain, with
the help of eqs. (28,35):
Im A(s, 0, Q2)|s→∞ ∼ sαt(t)+β(0)+1gβ(Q2) . (36)
Our philosophy in this setion is the following: we speify a partiular hoie of β(Q2)
in the low x limit and then we use M-DAMA integral (3) to alulate the dual amplitude,
and orrespondingly SF, in all kinematial domains. We will see that the resulting SF
has qualitatively orret behaviour in all regions. Even more - our hoie of β(Q2) will
automatially remove Q2 poles.
Aording to the two-omponent duality piture [20℄, both the sattering amplitude A
and the struture funtion F2 are the sums of the diffrative and non-diffrative terms. At
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high energies both terms are of the Regge type. For γ∗p sattering only the positive-signature
exhanges are allowed. The dominant ones are the Pomeron and f Reggeon, respetively.
The relevant sattering amplitude is as follows:
B(s,Q2) = iRk(Q
2)
( s
m2
)αk(0)
, (37)
where αk and Rk are Regge trajetories and residues and k stands either for the Pomeron
or for the Reggeon. As usual, the residue is hosen to satisfy approximate Bjorken saling
for the SF [21, 22℄. From eqs. (34,37) SF is given as:
F2(x,Q
2) ∼ Q2Rk(Q2)
( s
m2
)αk(0)−1
(38)
where x = Q2/s in the limit s→∞.
It is obvious from eq. (38) that Regge asymptotis and saling behaviour require the
residue to fall like ∼ (Q2)−αk(0). Atually, it ould be more involved if we require the orret
Q2 → 0 limit to be respeted and the observed saling violation (the "HERA effet") to
be inluded. Various models to ope with the above requirements have been suggested
[18, 21, 22℄. At HERA, espeially at large Q2, saling is so badly violated that it may not
be expliit anymore.
Data show that the Pomeron exhange leads to a rising struture funtion at large s
(low x). To provide for this we have two options: either to assume superritial Pomeron
with αP (0) > 1 or to assume a ritial (αP (0) = 1) dipole (or higher multipole) Pomeron
[18, 23, 24℄. The latter leads to the logarithmi behaviour of the SF:
F2,P (x,Q
2) ∼ Q2RP (Q2) ln
( s
m2
)
, (39)
whih proves to be equally effiient [18, 24℄.
Let us now ome bak to M-DAMA results. Using eqs. (34,36) we obtain:
F2 ∼ sαt(0)+β(0)Q2gβ(Q2) . (40)
Choosing
β(0) = −1 (41)
we restore the asymptotis (38) and this allows us to use trajetories in their ommonly
used form. It is important to find suh a β(Q2), whih an provide for Bjorken saling (if
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one wants to take into aount also the saling violation then the problem just gets more
tehnial). If we hoose β(Q2) in the form
β(Q2) = d− γ ln(Q2/Q20) , (42)
with
γ = (αt(0) + β(0) + 1)/ ln g = αt(0)/ ln g , (43)
where d, Q20 are some parameters, we get the exat Bjorken saling.
Atually, the expression (42) might ause problems in the Q2 → 0 limit. To avoid this,
it is better to use a modified expressions
β(Q2) = β(0)− γ ln
(
Q2 +Q20
Q20
)
= −1− αt(0)
ln g
ln
(
Q2 +Q20
Q20
)
. (44)
This hoie leads to
F2(x,Q
2) ∼ x1−αt(0)
( Q2
Q2 +Q20
)αt(0)
, (45)
where the slowly varying fator
(
Q2
Q2+Q20
)αt(0)
is typial for the Bjorken saling violation (see
for example [22℄).
Now let us turn to the large x limit. In this regime x → 1, s is fixed, Q2 = s−m2
1−x
→ ∞
and orrespondingly u = −2Q2. Using eqs. (30,34,35) we obtain:
F2 ∼ (1− x)2Q4g2β(Q2/2)
√
2pi
W ′′(z0)
(
gαs(s/2) − gαu(−Q2)
)
. (46)
For Q2 → ∞ fators
(
gαs(s/2) − gαu(−Q2)
)
and W ′′(z0) ≈ 8γ ln(Q2/Q20) are slowly varying
funtions of Q2 under our assumption about αu(−Q2). Thus, we end up with
F2 ∼
(
2Q20
Q2
)2γ ln 2g
∼ (1− x)2αt(0) ln 2g/ ln g . (47)
Let us now study F2 given by M-DAMA in the resonane region. The existene of
resonanes in SF at large x is not surprising by itself: as it follows from (32) and (34) they
are the same as in γ∗p total ross setion, but in a different oordinate system.
For M-DAMA the resonanes in s-hannel are defined by the ondition (7). For simpliity
let us assume that we performed the Van der Corput neutralization and, thus, the pole terms
appear in the form (19). In the viinity of the resonane s = sRes only the resonane term
DRes(s, 0, Q
2) is important in the sattering amplitude and orrespondingly in the SF.
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The omplex pattern of the nuleon struture funtion in the resonane region was de-
veloped long time ago (see, for example [25℄). There are several dozens of resonanes in
the γ∗p system in the region above pion-nuleon threshold, but only a few of them an be
identified more or less unambiguously for various reasons. Therefore, instead of identifying
eah resonane, phenomenogists frequently onsiders a few maxima (usually 3) above the
elasti sattering peak, orresponding to some effetive resonane ontributions. In the
Regge-dual model [3, 4℄ it was shown that for a reasonable fit it is enough to take into
aount three resonane terms, orresponding to "effetive"
5 ∆, N , N∗ trajetories with one
resonane on eah, plus the bakground. As it was already disussed in the introdution,
in the Regge-dual model the Q2-dependene was introdued "by hands". Let us now hek
what we get from M-DAMA.
Using β(Q2) in the form (44), whih gives Bjorken saling at large s, we obtain from eq.
(16):
C1(Q
2) =
(
gQ20
Q2 +Q20
)αt(0) [
αt(0) + ln g
Q2
Q2 +Q20
− αt(0)
ln g
ln
(
Q2 +Q20
Q20
)]
. (48)
The term
(
Q20
Q2+Q20
)αt(0)
gives the typial Q2-dependene for the form fator (the rest is a
slowly varying funtion of Q2).
If we alulate higher orders of Cn for subleading resonanes, we will see that the Q
2
-
dependene is still defined by the same fator
(
Q20
Q2+Q20
)αt(0)
. Here omes the important
differene from the Regge-dual model [3, 4℄ motivated by introduingQ2-dependene through
the parameter g. As we see from eq. (19), g enters with different powers for different
resonanes on one trajetory - the powers are inreasing with the step 2. Thus, if g ∼(
Q20
Q2+Q20
)△
, then the form fator for the first resonane is (n = 0) ∼
(
Q20
Q2+Q20
)△
, and for the
seond one (n = 2) it is ∼
(
Q20
Q2+Q20
)3△
et. As disussed in [4℄ the present auray of the
data does not allow to disriminate between the onstant powers of form fator (for example
Refs. [7, 8, 25, 26℄, and this work) and inreasing ones.
5
By "effetive" trajetory the authors mean that in the fitting proedure the parameters of these trajetories
were allowed to differ from their values at the physial trajetories. In this way the authors tried to aount
for the ontributions from the other resonanes. The "effetive" trajetories did not move far from the
physial ones, giving thus aposteriory justifiation for this approah.
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7. HOW TO AVOID Q2 POLES?
General study of the M-DAMA integral allows the Q2 poles (see ases 2,4 in setion 3),
whih would be unphysial. The appearane and properties of these singularities depend on
the partiular hoie of the funtion β(Q2), and for our hoie, given by eq. (44), the Q2
poles an be avoided.
We have hosen β(Q2) to be a dereasing funtion, then, aording to onditions (8,10),
there are no Q2 poles in M-DAMA in the physial domain Q2 ≥ 0, if
Re β(0) < −αs(0) , Re β(0) < −αt(0) . (49)
We have already fixed β(0) = −1, eq. (41), and, thus, we see that indeed we do not have
Q2 poles, exept for the ase of superritial Pomeron with the interept αP (0) > 1. Suh a
superritial Pomeron would generate one unphysial pole at Q2 = Q2pole defined by equation
−1− αP (0)
ln g
ln
(
Q2 +Q20
Q20
)
+ αP (0) = 0 ⇒ Q2pole = Q20(g
αP (0)−1
αP (0) − 1) . (50)
Therefore we an onlude that M-DAMA does not allow a superritial trajetory - what is
good from the theoretial point of view, sine suh a trajetory violates the Froissart-Martin
limit [27℄.
As it was disussed above there are other phenomenologial models whih use dipole
Pomeron with the interept αP (0) = 1 and also fit the data (see for example [18℄). This is a
very interesting ase - (αt(0) = 1) - for the proposed model. At the first glane it seems that
we should anyway have a pole at Q2 = 0. It should result from the ollision of the moving
pole z = z0 with the branh point z = 0, where αt(0)+β(Q
2(1− z0)) = 0 in our ase. Then,
heking the onditions for suh a ollision:
αt(0)− t α′t(0)z0 + β(Q2)− β ′(Q2)Q2z0 = 0 ⇒ z0 =
−αt(0)− β(Q2)
t α′t(0)−Q2β ′(Q2)
,
we see that for t = 0 and for β(Q2) given by eq. (44) the ollision is simply impossible,
beause z0(Q
2) does not tend to 0 for Q2 → 0. Thus, for the Pomeron with αP (0) = 1
M-DAMA does not ontain any unphysial singularity.
On the other hand, a Pomeron trajetory with αP (0) = 1 does not produe rising SF
(38), as required by the experiment. So, we need a harder singularity and the simplest one
is a dipole Pomeron. A dipole Pomeron produes poles of the seond power:
Ddipole(s, tm) ∝ C(s)
(m− αP (t) + 1)2 , (51)
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usually the simple pole is also taken into aount (we write a sum of simple pole and dipole)
- see for example ref. [23℄ and referenes therein. Formally suh a dipole Pomeron an be
written as
∂
∂αP
C(s)
(m− αP (t) + 1) ,
and generalizing this
Ddipole(s, t) =
∂
∂αP
D(s, t) , (52)
where D(s, t) an be given for example by DAMA or M-DAMA. Applying this expression to
the asymptoti formula of M-DAMA, eq. (28), we obtain a term gβ(Q
2)sαt(t)+β(0) ln s, whih
then leads to a logarithmially rising SF (for αP (0) + β(0) = 0) - the one given by eq. (39).
For β(Q2) in the form (44) M-DAMA will generate an infinite number of the Q2 poles
onentrated near the "ionization point" Q2 = −Q20. Although these are in the unphysial
region of negative Q2, suh a feature of the model
A) makes us think about β(Q2) as about a kind of trajetory, what is not the ase, as it was
stressed above, and
B) might reate a problem for a general theoretial treatment, for example for making
analytial ontinuation in Q2. To avoid this we an redefine β(Q2) in the nonphysial Q2
region, for example in the following way:
β(Q2) =


−1− αt(0)
ln g
ln
(
Q2+Q20
Q20
)
, for Q2 ≥ 0 ,
−1− αt(0)
ln g
ln
(
Q20−Q
2
Q20
)
, for Q2 < 0 .
(53)
This funtion has a maximum at Q2 = 0, β(0) = −1. M-DAMA with β(Q2) given by eq.
(53) preserves all its good properties, disussed above, and does not ontain any singularity
in Q2 (exept for the superritial Pomeron ase, whih we do not allow).
8. CONCLUSIONS
A new model for the Q2-dependent dual amplitude with Mandelstam analytiity is pro-
posed. The M-DAMA preserves all the attrative properties of DAMA, suh as its pole
struture and Regge asymptotis, but it also leads to generalized dual amplitude A(s, t, Q2)
and in this way realizes a unified "two-dimensionally dual" piture of strong interation [14℄
(see Fig. 2). This amplitude, when t = 0, an be related to the nulear struture funtion.
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In setion 6 we ompare the SF generated by M-DAMA with phenomenologial parameter-
izations, and in this way we fix the funtion β(Q2), whih introdues the Q2-dependene in
M-DAMA, eq. (3). The onlusion is that for both large and low x limits as well as for the
resonane region the results of M-DAMA are in qualitative agreement with the experiment.
General study of the M-DAMA integral tells us about the possibility to have poles in Q2.
These singularities may be avoided with our hoie of β(Q2), and also by putting restrition
on the physial trajetories - the use of superritial trajetory would lead to one Q2 pole.
In the proposed formulation a Q2-dependene is introdued into DAMA through the
additional funtion β(Q2). Although in the integrand this funtion stands next to Regge
trajetories, this, as it was stressed already, does not mean that it also orresponds to some
physial partiles. There is no qualitative differene between two ways of introduing Q2-
dependene into DAMA: through the Q2-dependent parameter g, i.e. funtion g(Q2) [1, 2℄ or
through the funtion β(Q2). On the other hand the seond way, i.e. M-DAMA, is appliable
for all range of Q2 and it results into physially orret behaviour in all tested limits.
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Figure 1. Kinematis of deep inelasti sattering.
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Figure 2. Veneziano, or resonane-reggeon duality [10℄ and Bloom-
Gilman, or hadron-parton duality [5℄ in strong interations. From [2℄.
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Figure 3. Aording to the Veneziano (or resonane-reggeon) duality a proper sum of ei-
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hannel or s-hannel resonane exhanges aounts for the whole amplitude. From [2℄.
